UB-ECM-PF-94/5 
March 1994 



One-loop renormalization and asymptotic 
behaviour of a higher-derivative scalar theory 

in curved spacetime 

E. Elizalde [] 

Department E.C.M. and I.F.A.E., Faculty of Physics, University of Barcelona, 

Diagonal 647, 08028 Barcelona, 
and Center for Advanced Studies, C.S.I.C., Cami de Santa Barbara, 
17300 Blanes, Catalonia, Spain 
A.G. Jacksenaev 
Tomsk Pedagogical Institute, 634041 Tomsk, Russia 
S.D. Odintsov 
Department E.C.M. , Faculty of Physics, University of Barcelona, 
Diagonal 647, 08028 Barcelona, Catalonia, Spain 
and Tomsk Pedagogical Institute, 634041 Tomsk, Russia 
and I.L. Shapiro Q 
Tomsk Pedagogical Institute, 634041 Tomsk, Russia 
and Department of Physics, Hiroshima University, Higashi-Hiroshima 724, Japan 

Abstract 

A higher-derivative, interacting, scalar field theory in curved spacetime with the most 
general action of sigma-model type is studied. The one-loop counterterms of the general 
theory are found. The renormalization group equations corresponding to two different, mul- 
tiplicatively renormalizable variants of the same are derived. The analysis of their asymptotic 
solutions shows that, depending on the sign of one of the coupling constants, we can construct 
an asymptotically free theory which is also asymptotically conformal invariant at strong (or 
small) curvature. The connection that can be established between one of the multiplicatively 
renormalizable variants of the theory and the effective theory of the conformal factor, aiming 
at the description of quantum gravity at large distances, is investigated. 
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1. Introduction. There are several motivations for the study of quantum field theories 
involving higher- derivative terms. To begin, it is well known in string theory (see [jlj, for 
a review) that if one wants to study the massive higher-spin modes, one has to modify 
the standard a-model action, by adding to it an infinite number of terms containing all 
possible derivatives. In particular, the terms with two derivatives in that cr-model describe 
the massless modes of the string, the terms with four derivatives describe the massive higher- 
spin modes at first level, and so on. 

Moreover, also the effective action of (super) string theory can be presented under the 
form of a certain derivative expansion [|TJ involving higher-derivative terms of any order. 
Such models — as well as some other higher- derivative gravitational theories — often admit 
singularity-free solutions (for a recent discussion together with a list of references, see p], U), 
whose behaviour is, as a rule, in agreement with the violation of the energy conditions, which 
is in accordance with the singularity theorems Q. 

As a second motivation, higher-derivative theories — forgetting about the standard uni- 
tarity problem which, most probably, will be solved only in a non-perturbative approach — 
often exhibit better renormalization properties. A nice example on this line is quantum 
_R 2 -gravity (for a review and a list of references, see ||), which (unlike Einstein's gravity) is 
multiplicatively renormalizable [0 and even asymptotically free. 

Third, a scalar theory with higher-order derivatives, in the infrared stable fixed point, 
has been used recently by Antoniadis and Mottola [0] (see also [§, [|) in order to describe a 
truncated version of quantum gravity at large distances. This theory, which was obtained by 
integration over the conformal anomaly ||10|| , was found by these authors to be superrenor- 



malizable. 

In the present letter we start a systematic study of higher-derivative scalar theory in 
curved spacetime. An action of the cr-model type, which is renormalizable in the generalized 
sense, will be considered (the scalar field will be chosen to be dimensionless) . The one- 
loop divergences of the effective action will be found. For two different variants of this 
theory (both of them multiplicatively renormalizable), the corresponding renormalization 
(RG) equations to one loop order are constructed and the asymptotic behaviour of their 
solutions is investigated in detail. It is shown that, depending on the sign of the initial 
values of the coupling constants, the theory under discussion can be asymptotically free. 
Moreover, at strong curvature such asymptotically free theory becomes also asymptotically 
conformally invariant. 

2. One-loop divergences. As starting point, let us impose the condition that the scalar 
field (f be dimensionless in four- dimensional curved spacetime, namely that [tp] = 0. Also, 
there is just one dimensional constant, which has dimensions of mass squared, i.e. [m 2 ] = 2. 
Then, dimensional considerations lead us to the following action (of sigma-model type and 
which is renormalizable in the generalized sense) 

S = Jd'x^-g [hiif) (ncp) 2 + b 2 (cp) (V^) (VV) ^ + H<f) [(V^) (W)] 2 

+6 4 (<^) (V^) (W) + b 5 (<p) + Cl (cp)R (V^) (W) + c 2 ( V )R^ (V^) (V^) 
+ c 3 (<p)Rn<p + ai {y)Rl V(xp + a 2 {v)R%, + a 3 (<p)R 2 + a 4 (<p)R) . (1) 

It is interesting to notice that non-minimal scalar-gravitational interactions of a new type 
(with couplings c 1; c 2 and c 3 ) appear in action ([!]). Also, in Eq. ([[]) all generalized coupling 
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constants are dimensionless, except for 64, 65 and a 4 , for which we have: [64(^9)] = 2, [65 (</?)] = 
4, [a 4 (y)] = 2. All the possible structures which can appear at dimension 4 can be obtained 
from the terms of Eq. ([I]) with the only help of integration by parts. We must also take into 
account that total derivative terms (such as 2 a((p), OR, etc.) have been dropped from Eq. 
([!]) and will not be considered below. As a further observation, we note that the action flip 
gives a way for obtaining a gravitationally induced scalar mass and also (if the variant of 
flip under discussion is symmetric under <p — > —cp) curvature induced spontaneous symmetry 
breaking at tree level. This generalizes the corresponding phenomenon which was found in 
rjj] for the first time in the case of a theory with a scalar potential of the form 



ref. 



(2) 



Now we start the discussion of the renormalization structure of the action ([!]). For 
the sake of simplicity, in the present paper we will restrict ourselves to the case where 
bi((p) = bi, b 2 (ip) = 6 2 and 63 ((p) = 6 3 are simply constants (they have no dependence on 
ip). In order to obtain the one- loop effective action divergences, r^„, extremely lengthy and 
tedious calculations are necessary. They rely on the use of the background field method (for 
a review see H) and of Schwinger-De Witt techniques for the computation of the one-loop 



effective action divergences (see |TT] for an introduction and Jl2 for the generalization to 
the higher derivative case). Details of this very involved calculation will be given elsewhere. 
The result we have obtained is 



div 



I d * x ^ {if (D ^ )2 + lir (v ^ } (v ' v) Uv + f [(v ^ } (v ^ )r 



+ 
+ 
+ 
+ 



66 3 6 4 (y?) - 36 2 6 4 (y?) b'l(<p) 



2b\ 



2&i 



(v^) (W) + 



bt(cp) - hb'Hv) 



2b\ 



46 3 (-9c' 3 (^) + 9 Cl (<p) + 2c 2 {ip)) - 8hb 3 - b 2 c' 2 {<p) c>({tp) 



\2b\ 

26 3 c 2 (y) - b\ + b 2 c' 2 (<p) + 46i6 3 _ c' 2 \ip) 
66? 26i 
b 2 (-9c 3 (y) + 9ci(y?) + 2c 2 (^)) - 2b x b 2 4(tp) 
66? 2&i 

4(f) , c 2 (v^) J_ _ a!j{ip) 
246? 661 30 26i 



2&i 

i?^ (V^) (V^) 



i2 ( V^) ( VV) 



+ 



ft 



+ 



<(y) 
261 

3(4c3(^)-4 Cl (^)-c 2 (^)) 2 - C 2(^) 2c' 3 (» - 2 Cl (p) - c 2 (^) , 1 



[IV 



+ 



+ 



2b x 



R 2 + 



966? 126 a 60 

'64 (-4c 3 (^) + 4ci(y>) + c 2 (y?)) 6 4 (<^) a 4 '(<^)" 



46? 



661 



26i 



R 



(3) 



Here e = (47r) 



n- 



■4), 99 is the background scalar field, and no surface terms have been kept. 



Notice that, as one can see, the terms describing non-minimal interaction of gravity with the 
scalar field (i.e., those involving c±, c 2 and C3) are induced even for constant couplings. To 
check our results, we have considered the case of a flat background and there we have made 
use of standard Feynman graph analysis (which is also quite involved, due to the presence 
of derivatives at the vertices). 
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Having now the explicit form of the one-loop divergences of the theory under discussion, 
we are able to see the structure of its one-loop renormalization. For doing this we shall 
consider some specific variants of action ([1]). The standard conditions for the one-loop 
renormalizability of the theory are obtained from the constraint that the functional form of 
the one-loop counterterms must repeat the form of the corresponding generalized couplings. 
These conditions look here as follows (for b\, 6 2 and 63 they are trivially satisfied, owing to 
the fact that these couplings are constants) 



dib 4 {(fi) 



6b-Mv) ~ 3& 2 &l(y) bjjip) 
2bj 2&! ' 



dMv) = MM_MM,... (4) 

where d\ and <i 2 are arbitrary constants, and similarly for the other couplings. One must 
solve Eqs. (f§) for all the coupling constants in order to obtain the whole class of one-loop 
renormalizable theories. However, in this paper we will focus our interest in multiplica- 
tively renormalizable theories only, which form a subclass of the whole class of one-loop 
renormalizable scalar theories ([1]). 

The analysis of Eqs. (|]) and the structure of the divergence index of the theory, as well 
as dimensional considerations, show that two variants of the theory given by the action ([I]) 
are multiplictively renormalizable, namely the following ones. 

(1) The theory where all the generalized coupling constants, except c 3 , are constants, that is 

b A (ip) = 64, b 5 (ip) = 65, ci(<f) = ci, c 2 (y?) = c 2 , c 3 (<p) = c 31 ip + c 32 , 
a 1 ((f)=a 1 , a 2 (ip) = a 2 , a 3 (ip) = a 3 , a 4 (ip) = a 4 . (5) 

This particular choice of the constants permits us to have the following conformally invariant 
4th order action, which is particular case of conformal version of the theory (1) |13| 



□ 2 + IBTV^v - \ru + \ (WR) V A 



<P, (6) 



which corresponds to the following choice of constants 



61 = 1, c 1 = | c 2 = -2 (7) 

with all the other couplings set equal to zero. Notice that we could also put c 3i = in (H), and 
we would get in this way another variant of the above theory. (2) The second multiplicatively 

renormalizable case of the theory ([!]) is the one given by the following couplings: 

h(cp) = b 4 e a ^ b 5 (<p) = he 2a ^ a A {ip) = a 4 e^, (8) 

while the remaining generalized coupling constants are chosen as before, in Eq. (||). Notice 
that this is the theory which, on a flat background, has been recently used in refs. 0, || in 
order to describe a truncated theory of quantum gravity at large distances. 

3. Renormalization and RG equations. We will here obtain the RG equations corre- 
sponding to the renormalizable variant @ of the theory under discussion. In this section we 
set b\ = 1, since the corresponding term plays the role of the higher-derivative kinetic term. 
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We must now consider the combination of ([I]) and (0), 



(9) 



for the choice of the coupling constants, as in (§) and @. Expression @ defines the 
renormalization of all the coupling constants and scalar field (p. 

First of all, we obtain the one-loop renormalization of the scalar field in the following 
form 



Wo 



hb 2 2 

Z = 1 + -A 
2e 



(10) 



Using expression ( [T0|) in order to find the one-loop renormalization of all the coupling con- 
stants (H), we are able to construct the system of one- loop RG equations for the theory with 
couplings given by (H): 



db 2 {t) _ 
dt 

db 3 (t) 



dt 



db^t) 
dt 



:-10b 2 {t)b 3 {t)+^bl(t), 

= -10b 2 3 (t) + 5bl(t)h(t), 
-Qb 3 (t)b 4 (t) + hl(t)b 4 (t), 



db 5 {t) 
dt 



-bl(t), 



b 2 (0) = b 2 , 




h(o) = h, 




6 4 (0) = h, 




6 5 (0) =b 5 . 


(11) 



This system ( [TT1) has to be solved in the first place, since the corresponding running couplings 
do not change when we come to flat space. The RG equations which give the behaviour of 
the scalar-gravitational couplings are the following 

dClit) - \hit) [9c 31 (t) - 9 Cl (t) - 2c 2 (t) + 2] + \bl{t) Cl {t), 



dt 



dc 2 (t) 



dt 



2c 2 (t)b 3 (t) - b\{t) + 46 3 (t) + ^bl{t)c 2 {t) 



dc 31 (t) 
dt 



dc 32 (t) 
dt 



h 2 {t) [9c 31 (t) - 9ci(t) - 2c 2 (t) + 2] + h 2 2 (t)c 32 (t), 



d(0) - 


= Cl, 


02(0) = 


= c 2 , 


C3l(0) 


= C31 


c 32 (0) 


— C32 



(12) 



Finally, the RG equations for the effective vacuum couplings have the form 
da\{t) 



dt 
da 3 {t) 

dt 
da^it) 

dt 



0, ai(0) = a 1; 



dt 12 2W w 15' 



a 2 (0) = a 2 , 

3[4 Cl (t) + c 2 (t) - 4c 31 (t)] 2 + c 2 (t) 2c 31 (t) - 2c x {t) - c 2 (t) 1 



48 

-Mt) 4c3i(t) - 4ci(t) - ca(t) + 



6 



30' 



04(0) = a 4 . 



03(0) = a 3 , 
(13) 



When comparing with the ordinary versions of the RG equations, notice that in Eqs. (JTT|)- 
(P~3|) the following change of RG parameter has to be made (with respect to the standard 
one, t)\ t — > (47r)~ 2 t. Notice also that, as is usual in curved space, we adopt the curved 
spacetime version of the RG equations (for an introduction, see ||). In particular, the UF 
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limit t — > oo in flat space, corresponds in curved spacetime to the strong curvature — or 
small distances — limit (instead of the momentum rescaling p — > e t p, in curved space the 
rescaling g^ v — > e~ 2t g^ u is used). Notice also that we are not taking into account classical 
dimensions in the RG equations for the dimensional couplings. 



4. Asymptotic solutions. It is remarkable that the RG equations above can be solved 
in an exact way. Its asymptotic analysis can be carried out completely and we will obtain 
all possible asymptotic behaviours of the solutions compatible with the equations. At the 
same time, well behaved, approximate solutions will be found, starting from some initial 
conditions &i(0), q(0) and cij(O). 

Eqs. (|IID- ([13|) can be solved iteratively. In fact, we can start from the two first Eqs. 
flllD , proceed then with the third (after having substituted the solutions of the first two), 
then with the fourth, and so on. In particular, these two first equations constitute an exact 
differential equation once the integrating factor p = b\b\ is introduced. The equation for 
the orbit turns out to be a kind of higer-order hyperbola Ylb^b^ — 5bl 2 bl = c, which is, 
however, unstable (and, therefore, not relevant for the asymptotic analysis that follows). All 
the possible asymptotic behaviours of the solutions turns out to be rather simple to find. In 
fact, as t — > +00 only the three exclusive cases: (i) b\(t) « b 3 (t), (ii) b\(t) » b^{t) and 
(iii) b\(t) ~ kbs(t), with k finite and k 7^ 0, can occur. It is easy to see that the second case 
is incompatible (when substituted back into the differential equations). For the first one, 
under the only conditions that |6 2 |, | £»3 1 < 1 and that 63 > (in order to prevent singularities 
from occuring) and after some work, we obtain 



b 2 (t) 



1 + 106 3 t' 



1 + io& 3 t 



(14) 



It is clear that, for any t > 0, Eqs. ([14]) are self-consistent approximate solutions of the 
first two Eqs. (PH), since always |6 2 (£)|, |&3(£)| < 1- Moreover, they are in fact asymptotic 
solutions, because |6 2 (t)|, 0, as t ^ +00. Thus, as we see, in the ultraviolet limit 

(t — > +00) the theory is asymptotically free, and this property is obtained by just choosing 
the initial value 63 > 0. For 63 < we would have the usual zero-charge problem in the UF 
limit. 

In the same way, we obtain 



(I + IOM) 3 / 5 ' 



h 2 



m = 6 5 + ^ 



1 



;i + iom) 1/5 



(15) 



with the only additional hypothesis that |&4| < 1 (no restriction on 65 needs to be imposed). 
That is, ( 14D and ([TBI) are the asymptotic solutions (t — > +00) of Eqs. (0), provided 
1 62 1, |&4 1 < 1 and < 63 < 1. Moreover, they are also approximate solutions for any t > 0. 
Notice that we have found an asymptotical solution of a specific form, which is self-consistent 
(when substituted back into the full set of Eqs. (|TTD) and asymptotically free. 

As for the case (iii) of the above analysis, we may just consider it asymptotically or either 
we can impose it rigorously (special solution of the RG equations) 



b 3 {t) = kb 2 2 (t), k^0, 



(16) 
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and then obtain an exact solution of the whole system. A detailed study yields, with the 
constrains k = 1/4 and b 3 = b\/A for the initial values, the solution: 



hit) 



Ml 

h [ I 



5 ,2 

-bit 
2 2 



-bit 



-1/2 
-2/5 



hit) = f (l - \b\t " 



h{t) 



b 2bl 



l\blt 



1/5 



(17) 



We again have an asymptotically free type solution, but in the IR limit only. In the case 
that (|T6|) is only satisfied asymptotically, then Eqs. (|17D just reflect the behaviour of the 
biit) for large t, with the difference that instead of b 2 we must put a constant, c, and that 
now the above constraint on the initial values b 2 and h need not be satisfied. 

The analysis of Eqs. ( |i~l"D and ( |i~2"D is carried out in the same way. For the case (i), the 
result reads as follows: 



*(t) 
c 2 (t) 

C3l(t) 

emit) 



2(c 2 + 2) 

1 + 10M) 1/15 
c 2 + 2 

[1 + 10M) 1/15 
b 2 

46 3 
& 2 (c 2 + 2) 



- Oil, 

-2, 



«i = — C31 exp 



46, 



2 
3' 



c 3 i exp 
C32 + 



1 



10b 3 t 
1 



1 + 106 3 t) 1/15 



- 1 



;is) 



18 

a-i + —t, 
5 



a 3 - a 2 t, a 2 = - 



b 2 



1 2 



2C3ieXP l^J +2ai + 1 



1 

+ 6 



a 4 + a 3 



1 - (1 + lOfct) 



2/5 



«3 



_&4_ 
26 3 



-C31 exp 



b 2 



4&, 



1 

20' 
(19) 



and 
ai(t) 

a 3 (t) 
04 (t) 

Eqs. ( p^) -(|19D are the asymptotic solutions of Eqs. (]T0|) (pT2|) , for t — > +00. The only 
requeriments for self-consistency are the ones stablished before: |i>2|, \h\ < 1 and < b 3 < 1. 
Furthermore, they are approximate solutions for any t > 0. Note also that in the ultraviolet 
UF limit, the non- minimal coupling constants fll8l) tend to their asymptotically conformal 
invariant values (0), independently of their initial values. Notice that this phenomenon 
(asymptotical conformal invariance) has been already found to occur in several asymptoti- 
cally free GUTs H, but it is somewhat surprising to observe that it can persist in higher- 
derivative theories. It means, for example, that particle creation of higher-derivative scalar 
bosons (coming from our model) in a Friedmann-Robertson- Walker universe is asymptoti- 
cally suppressed at strong curvature, as it happens for scalar particles in the asymptotically 
conformal invariant GUTs pfl. It would be interesting to understand if this phenomenon 
holds for the generalized theory ([!]) as well (in terms of the generalized RG). It is also inter- 
esting to observe that the induced running gravitational constant a±{t) has similar behaviour 
as in the case of GUTs in curved spacetime M. 
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The analysis of the infrared limit is pretty much the same as that for the ultraviolet. In 
fact, the only change in the asymptotic behaviour concerns the sign of 6 3 , which should be 
now reversed in order to avoid the singularity (zero-charge problem). Thus, the final ex- 
pressions are exactly the same as (p^)-([l8|) being now the requeriments for self-consistency: 
I ^2 1, | ^4 1 < 1 and — 1 < 63 < 0. Again, with this proviso expressions (p!4"|)-(|I~8|) are approxi- 



mate solutions for any t < big enough in absolute value, and with — 1 < 6 3 < the theory 
is asymptotically free in the IR region (weak curvature limit). Moreover, the non- minimal 
scalar graviton couplings, ci(t), C2(t) and cs(t), tend to their conformal invariant values (0) at 
weak curvature. Thus, our theory is asymptotically conformal invariant at weak curvature. 

It is infesting to note that asymptotical conformal invariance may also occur in general 
theory (1). The values corresponding to the conformal version of (1) are [13[] &i(y?) = 



f(f),Mf) = f'(v)M{v) = h(<f) = h((p) = c 3 (ip) = o 4 (y) = 0,cx = zf(ip),c 2 = 
—2f({p),ai = g(y?),a 2 = — 2g(y?),a 3 = \q{f) where f(<p) and q(ip) are arbitrary functions. 
It is natural to suppose that this relations will hold for the one-loop divergences. 

5. RG equations for the conformal sector of quantum gravity. Let us now consider 
the multiplicatively renormalizable theory which is obtained by choosing the generalized 
couplings in the form (0). In flat space (g^ u = r]^), if we make the following identification 

& i = ~7T~^' &2 = ~ 2 C"> h = -C" 2 , h(<p) = 7exp(2ay?), b 5 ((p) = -exp(4ay?), 

(20) 

we find that our theory corresponds to the one which was used in Ref. [|7| in the infrared stable 
fixed point ( = to describe the truncated theory of quantum gravity at large distances. In 



( |20|) we have used the same notations as in Ref. J7|. It is interesting to note that the theory 
(|20D admits the interesting vacuum (for simplicity we set a = 1) e 2ip = j/(2X), already 
at the tree level. The situation becomes more complicated at one-loop order 0. It would 
be worth, perhaps, to develop some kind of gaussian effective potential approach (see, for 



example, [|T5|) in order to try understand the non-perturbative structure of this theory. 

When considering the specific theory which is obtained with the choice of coupling con- 
stants (|8|) — and having in mind the conformal anomaly- induced theory of Ref. as a par- 
ticular case of our general theory — we come to the conclusion that the coupling constants 62 
and 63 may be connected (in particular, for a = 1 they are simply proportional). As one can 
see from (|3p, its one-loop renormalization may still respect this connection — while it will be 
destroyed already at one-loop level if we perform the one-loop renormalization of the scalar 
field, as in (|8|), for arbitrary b\. That is why we prefer here not to do the renormalization of 
the scalar field, and to consider instead all coupling constants, including b\ (a-model type 
renormalization). In this case, the one-loop RG equations can be easily derived from (|3]): 

■ 56| • 106 2 & 3 • 1061 • -66364 + 306264 « 2 6 4 ; b\ 4a 2 6 5 

61 " ~26f ' 62 " &T' 63 " ""ftp 64 " b\ + ~6T' 65 " "6f + ~6T' 

(21) 



and 



26 3 (9c 3 i - 9ci - 2c 2 ) , 46 3 . b\ - 26 3 c 2 46 3 . 6 2 (9c 3 i - 9 Cl - c 2 ) 26 



Cl " 3^ + 36? C2 " -36? 36? ° z ~ 36^ + 36^' (22) 



To simplify the notation, we have not written explicitly the t-dependence in Eqs. (|2lD and 
(|22|). Also, a and C31 are constants, and 6j(0) = 6j, Cj(0) = Cj. 



8 



The vacuum RG equations are 



di = 0, d 2 
d 3 = 



4 c 2 1 



126? 36i 15' 
3(4c 3 i - 4ci - c 2 ) 2 + 4 2c 3 i - 2ci - c 2 1 



48 66i 30' 

. _ 6 4 (4c 3 i - 4ci - c 2 ) 6 4 a 2 a 4 

fl4 " 26? + 36^ + ^6T- (23) 

For simplicity, and having in mind possible applications to the conformal sector of quan- 
tum gravity 0, we will present here the solutions corresponding to the matter sector only. 
Now, the t-dependences will be considered again. The first three equations (|22| ) are equiva- 
lent to the following: 



b ^ us u us 4& 3, us , , 4& i & 3 &?(*)&! (*) 406 



02 02 h [6x(t) - 61 + b\j (46 3 )] »2 

where the t-dependence has been written explicitly (remember that the constants are the 
initial values at t — 0). As before, even without being able to solve the sistem of differential 
equations exactly, the analysis of all posible asymptotic behaviours of the solutions can be 
carried out completely. What distinguishes now the different possibilites is the behaviour of 
b\(t) as t — > 00. It can tend (i) to zero, (ii) to a non-zero constant, k, or (iii) to infinity.The 
case (i) turns out to be incompatible. The case (ii) is the most interesting. The constant k 
is constrained to be 

6 2 

k = 61 - -f = 6 loo , (25) 

40 3 



and we obtain 



O2 , u . , 



6? oo + 106 3 t' dW 6? oo + 106 3 t' 
6 4 (t) ~ 64^, 6 5 (t) ~ -^-e 26 -* + (^65 + e 46 -*. (26) 

As one can see we found asymptotically free type solutions. Notice that when b^ < (that 
is, 61 < 6 2 /(46 3 )) both 6 4 (t) and 6 5 (£) decay exponentially. The last term of b 5 (t) is then 
subleading, but we have included it here in order to show how the initial value 65 is just 
washed out for large t. Finally, in the case (iii) the following asymptotic behaviour is easily 
inferred 

« fl ~f. + (4-*Vi-« + *. +0 <0. ( 27 > 



valid both for t — > +00 (with 6 3 > 0) and for t — > —00 (with 6 3 < 0), and similar behaviours 
for 6 2 and 6 3 (as is clear from (|24|)). On the other hand, for the remaining 6-functions we 

haVe / mh 2 \ (a 2 6i)/(406§) 

6 4 (£)^6 4 1-— ft , (28) 
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and 



406? 



(-2a?6g)/(406§) 



6 5 (t)~& 5 ^l-_|ij (6 4 (t)^0), 

b 2 / mh 2 \ («2bl)/(206l)-l 

^"^^ M^-Wij) I 1 " Mf' (29) 



where 



ai = -77 61, Oi'2 = ( — 3ai a x . (30) 

46 3 v 62 / 62 



The different asymptotic behaviours for 65 (t) come from the two possible (in principle) 
behaviours of 64 (t) (depending on the sign of the exponent in (p8|)). As one can see, in this 
case (iii) the coupling constants do not display an asymptotically free behaviour. Notice 
that using the same prescription for the renormalization of the scalar theory as in Sect. 3, 
we would have obtained the same behaviour for the effective couplings 62 (t) and 63 (t) as in 
Sect. 4, while the behaviours of 64 (t) and 6 5 (t) would be quite different. 

6. Conclusions. We have discussed in this work the renormalization of a higher derivative 
interacting scalar field theory in curved spacetime. Some variants of this theory have been 
shown to be multiplicatively renormalizable and asymptotically free. The RG structure of 
the effective theory of the conformal factor has been also investigated. 

There are many interesting directions in which the theory that we have here introduced 
deserves further study. One possibility is to find the one-loop counterterms for the general 
model ([I]) (with b\ (t), b 2 (t) and b 3 (t) being arbitrary functions of the scalar field) and to 
construct the generalized RG equations and investigate their flows. Such approach may be 
of interest for some cosmological applications also, if one would hope to describe our early 
universe using a kind of higher-derivative Brans-Dicke theory (for a recent discussion and 



a list of references on scalar-tensor gravity theories, see [16)). In this case, to complete the 
study it would be necessary, as a final step, to discuss the renormalization structure of the 
theory ([!]) with the scalar and the gravitational fields being both quantized. This is a quite 
complicated program on which we expect to report elsewhere. 
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